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Abstract. After a brief review of the current research on multi-robot systems, the paper presents
a path planning and control scheme for a cooperative three-robot system transferring/manipulating
a large object from an initial to a desired final position/orientation. The robots are assumed to be
capable of holding the object at three points that define an isosceles triangle. The mode of operation
adopted is that of a “master-and-two-slave robots”. The control scheme employs the differential
displacement of the object which is transformed into that of the end-effector of each robotic arm,
and then used to compute the differential displacements of the joints of the robots. The scheme was
applied to several 3-robot systems by simulation and proved to be adequately effective, subject to
certain conditions regarding the magnitude of the differential displacements. Here, an example is
included which concerns the case of three Stäubli RX-90L robots.

Key words: multi-robot systems, cooperative three-robot system, path planning-control, master-and-
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1. Introduction

The study of multiple cooperating robots was initiated about two decades ago with
many important results already available [1–54]. The field of multiple cooperat-
ing robots is very important since, although many industrial operations and tasks
can be performed efficiently by a single robot, there are other tasks that need the
coordinated and cooperative work of more than one robots for satisfactory and
economic performance. The majority of results so far derived concern the case of
two cooperating robots, although in some cases the theory developed is applicable
to more than two cooperating robots. Actually, most of the publications in the open
literature present theoretical investigations, and only a few of them provide practi-
cal experimental results. Tasks that need the cooperation of more than one robots
include the manipulation and transportation of large objects or long and heavy bars
or large flexible objects or objects without special features (e.g., handles).

Although the capabilities of 2-robot systems are substantially increased over
single-robot systems, they are still unable to handle (grasp, hold, manipulate, trans-
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port, etc.) very large, very heavy or peculiar objects (such as large cardboard boxes).
Therefore, attention must be turned to the case of using three (or more) cooperating
robots.

The purpose of this paper is to present a path planning/control procedure for
a 3-robot arm system that moves large objects from an initial to a desired po-
sition/orientation, by holding it at three different points defining a triangle. For
completeness, a short review of the state-of-art of the multiple cooperating ro-
bots field is first provided, which shows the problems so far investigated and the
techniques used.

Single robot tasks can be performed by controlling the robot’s hand such as
to follow a desired path, without controlling the exact time at which the hand
passes through the particular points of the trajectory. The orientation of the robot’s
hand during the motion may be irrelevant. This is not true in multi-robot systems
where, once the two or more hands grasp the object, their relative positions and
orientations with respect to each other must remain invariant during the entire op-
eration. Actually, in cooperating multi-robot systems each hand must pass through
a particular point on its trajectory at exactly the right time, and the orientations of
the hands must also be the proper ones.
In the 3-robot case (R1, R2, R3):

two possible strategies can be followed:

(I) Master-Slave-Driver:Here the robotR2 is the master,R3 the slave, andR1

the driver (that orients the plane ABC in space).

(II) Master-and-two-Slaves(Leader-and-two-Follower Robots): The motion ofR1

(master) follows directly from the motion planning, whereas the motion of
R2 andR3 (the slaves) must also satisfy the constraints posed by the rigid
object. Actually there are two ways of specifying the initial and final posi-
tions/orientations of the object; one using the grasping points A, B, C of the
master and the two slaves, and the other using the center of gravity of the
object (see Figure 2).

The control of the robots is performed incrementally with the aid of the differential
relations between the object and the three robot arms. The differential change of the
object is transformed into that of each robot arm, and then the differential change of
each joint of the three robots is derived. Numerical simulation results are provided
which demonstrate the applicability and effectiveness of the proposed planning-
control algorithm.
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2. Multi-Robot Systems: A Review

In general, multi-robot systems are distinguished in two broad classes:
Class-1:Each robot performs its own task independently in a shared common

workspace (e.g., [1, 7–9, 48]).
Class-2:All robots cooperate to perform a given task (e.g., [2, 4, 6, 13, 20, 21,

22, 25, 48]).
The main problem that has to be faced inclass-1multi-robot systems is that of

path planning so as to avoid collisions. Here the robots have no physical interac-
tions during the execution of the desired task. The complexity of the problem, es-
pecially when there are objects moving in the common workspace, has constrained
the studies to point-to-point tasks which are performed in a pseudo-concurrent
manner. Most of the algorithms developed are suitable for off-line application.
Frequently, the path planning needs time delay actions and/or changes of the robot
paths in space.

Class-2multirobots have been designed by several control schemes, in which
the robots are assumed to have direct interaction while performing the desired
tasks. The robots in class-2 systems are strongly coupled, and the desired path
of the object fully determines the task space of each robotic arm. Here, three
principal kinds of tasks have been considered throughout the years. The first cat-
egory of tasks, where there is no relative motion between the object and the end-
effectors, is that of grasping a unique rigid object and transferring it from an initial
position/orientation to a new one.

Problems that have been studied for this category of tasks are:

• Decoupling control [39, 40],
• Force control [10, 11, 17, 24, 43],
• Hybrid position/force control [12, 15, 26, 27, 42, 44],
• Force/load distribution [23, 28–36, 38, 49].

In the second category of tasks, the robot arms are called to manipulate objects
having movable parts like a pair of pliers [20, 43]. Finally, the third category of
tasks concerns the treatment of large objects which cannot be grasped by end-
effectors but only pushed by them (e.g., large cardboard boxes) [18, 46, 47, 51].
In this case, the object can be pushed byenveloping graspusing the robot links
[18–51] or byopen-palm end-effectors[19, 46, 47]. The system constraints are
unilateral, and the object may slide or roll along the contact surfaces (i.e., the
constraints are nonholonomic).

Most of the systems studied in the literature involve only two robots. The case of
more than two robots has been considered principally in connection with the force
and load distribution problem. The class of multi-robot systems also involves the
so-called multifingered robots [41–50], which can be treated by similar techniques.
The majority of publications in the open literature present theoretical investiga-
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tions with simulation results. Examples of real experimental works are provided in
[16–19, 37]. The case of dual-arm robotic system with joint flexibility was studied
in [45].

We now proceed to a little more detailed description of a few representative
works.
In [2] a hierarchical control structure is proposed for a 2-robot system operating
in the master-slave mode. Each robot arm is controlled such that the error between
the actual and desired paths is minimized. The desired path for the master robot
is specified, while the desired path of the slave manipulator is expressed with
respect to the path of the master robot. This relative position error between the
two end-effectors is controlled by the two-robot coordination control computer.
The controller involves a joint position predictor for the master robot, a coordinate
transformation unit, and a slave command modifier.

In [3], feedback linearization is introduced, and the pole placement technique is
used to the resulting state-space model which describes the dynamics of the multi-
robot system. The controller needs the exact knowledge of the model parameters,
and the transients are controlled by the suitable choice of the system eigenvalues.
For a general 6-joint robot (like the PUMA 600 considered in the simulations)
the technique needs a large number of computations and no attention was paid to
control the interacting forces.

In [4], each joint is controlled by a proportional type controller with the error
being expressed in Cartesian space. When two or more robots grasp the same ob-
ject, the interacting forces and positions are constrained. Therefore, for achieving
coordinated operation of the multi-robot system, these force constraints must be
determined including the natural and the artificial ones. Such formulations are
presented from several points of view in [10–12, 15, 17, 26, 27, 42–44].

In [10], the master-slave mode is considered, where the master arm is controlled
by a position PID controller with a feedforward term, and the slave moves in coop-
eration with the master while its force is controlled so as to balance the interactive
force exerted by the master via the object.

In [12], the controllers of the two robot arms are designed using the MIMO
discrete-time autoregressive stochastic (ARX) model with external inputs, where
the parameters are estimated on-line recursively. The controllers are adaptive with
time-varying gains, they depend on predicted errors of the two robots, and they
need complete state information (position, velocity, force) of the two cooperating
robots, as well as the current parameter estimates of the ARX models. The design
specifications (position/orientation paths of the master and slave robots) are ex-
pressed in terms of a performance index that has to be minimized subject to the
ARX robot models. The discrete-time controllersu1(k) andu2(k), so obtained, are
of the self-tuning type [52, 53].

The optimal force/load distribution problem, which is a kind of inverse dynam-
ics problem, has been solved using various optimization techniques based on differ-
ent types of objective functions and optimization constraints [28–36, 38, 49]. The
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simplest methods are based on thelinear programming(LP) technique. A notice-
able contribution is presented in [29], where the so-calledcompact dual LPtech-
nique was developed, which uses inequality constraints and can be implemented in
real-time. The duality principle of LP was used in order to reduce the size of the
problem by exchanging the variables with constraints (the actual number of which
is much smaller than the number of variables). The compact dual LP technique
is very efficient from a computational point of view, but possesses the limitations
of LP techniques, i.e., any quadratic quantities (e.g., force norm, effort of torque,
power, energy) cannot be dealt with, and also undesirable discontinuities may be
introduced into the solution. These disadvantages are not possessed by nonlinear
programming (NLP)-based techniques such as those presented in [25, 30, 32–38].

In [25], the objective function represents a minimum-norm force, and the quad-
ratic inequality constraints represent the friction cone. The problem size is not
considerably reduced, and the computational requirements of the solution remain
high. In [30] the problem is formulated so as to minimize the energy consumption
of the two cooperating robots subject to joint torque constraints, and the internal
force without any joint torque constraint.

In [32], the problem is to minimize the joint torque effort with quadratic inequal-
ity constraints on the maximum joint torque of dual robots. The method adopted is
based on Lagrange multipliers combined with the force ellipsoid.

In [36], a quadratic criterion is minimized subject to linear inequality constraints
for the multi-finger force-distribution problem. The resulting quadratic program-
ming (QP) algorithm is very fast, but it is expected to be slower when applied to
a cooperating multi-robot system, since here the number of constraints is much
larger than that of a multi-finger robotic system.

This drawback was eliminated in [38] by combining the duality principle with
the QP technique, and introducing quadratic constraints to deal with force-norm
constraints without approximating them by linear ones. Therefore, the algorithm
of [38] reduces the size of the problem via the duality principle (exchange of vari-
ables with constraints) and does not possess the drawbacks of LP-based techniques,
such as that proposed in [29]. Note that the number of variables in a conventional
algorithm is 6n, and the number of constraints is 2mn+ 6 (m = common number
of degrees of freedom of robots,n = number of robots). In the dual QP algorithm
they decrease to 2n and 2n, respectively. The application of the dual-QP algorithm
to the case of a 2-PUMA-robot system showed that indeed it can be implemented
in real time (the computation time was less than (1/8)-times as that of a standard
QP algorithm) [38].

In [19], a 2-robot control system is presented which uses the full dynamics of
the robots and manipulates large objects through the approach of enveloping grasp
[18, 51]. The proposed architecture, called TRACS (two robotic arm coordination
system) involves two PUMA 250 robots, an AT PC-based coordination controller
(80286 compatible), and a number of sensors. The PC-AT communicates with the
Unimation controllers of the two robots via a parallel interface (16 bits to each
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controller), where the parallel lines are directly connected to the joint microproces-
sors through the arm interface board (i.e., bypassing the LS-11 processor). The
two processors are scheduled concurrently (so as to realize a 400 Hz sampling
rate). This ensures real-time control under the MS-DOS operating system. The
coordination controller of the 2-robot system includes a dynamic force controller, a
rolling control algorithm, and a planning algorithm all of which are fully described
in [19]. This controller which was extensively experimentally tested is capable of
handling large industrial objects (e.g., cardboard boxes), waste disposal objects
(e.g., barrels), military objects (e.g., crates), and space objects (e.g., satellites).

In [54], a simple robust scheme for the on-line concurrent motion planning of
multi-robot systems is provided. This scheme uses a linear system of equations for
each robot taking into consideration a vector for motion planning, and an original
procedure for the proper perturbation of the pseudoinverse matrix. The proposed
scheme can deal simultaneously with both real-time motion coordination and sin-
gularities prevention in a sensor-based environment. The approach adopted is based
on, conceptually considering redundant robotic manipulators, formulating for each
one of them an inverse kinematics problem under an inexact context. Although the
“manipulability index” is usually employed for avoiding singularities, in [54] it is
used for motion planning. The algorithm was tested by simulation on a dual robot
system involving two planar redundant robots. The results showed the efficiency
of the proposed scheme which, due to its properties, is suitable for autonomous or
telerobotic systems operations.

3. Cooperative 3-Robot Arm Kinematics

In the following, the kinematics equations of the 3-robot-arms system will be
derived for the master-and-two-slaves configuration (using homogeneous transfor-
mations).

3.1. THE 3-ROBOT SYSTEM: MASTER-AND-TWO-SLAVES CONFIGURATION

We consider the symmetric configuration shown in Figure 1.
The world coordinate (w-c) system is defined to be the coordinate systemx0y0z0 of
the master’s base. Therefore the position and orientation of an object with respect
to w-c is described by an homogeneous matrixAm:

Am =
 n o a p
−−−−−− −−−

0 1

 , p = [px, pz, pz]T , (1)

where the vectorsn,o anda define the orientation of the object, andp its position
(the position of the origin of the coordinate system [n,o,a]). The position and
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Figure 1. Symmetric master-and-two-slaves configuration (all axesz0, z
′
0, z
′′
0 are normal to

the planem− s1 − s2).

orientation of the same object with respect to the coordinate systems of the bases
of S1 andS2 is given by

AS1 = S−1
1 Am and AS2 = S−1

2 Am, (2)

where the matricesS1 andS2 define the coordinate systems of the slavesS1 andS2,
respectively, and are given by (see Figure 1):

S1 =


−1 0 0 h

0 −1 0 b

0 0 1 0
0 0 0 1

 , S2 =


−1 0 0 h

0 −1 0 −b
0 0 1 0
0 0 0 1

 . (3)

One can see that in this symmetric configuration:S−1
i = Si (i = 1,2), whereas the

transformation fromx′0y
′
0z
′
0 to x′′0y

′′
0z
′′
0 is equal to:

S12=


1 0 0 0
0 1 0 2b
0 0 1 0
0 0 0 1

 , S21=


1 0 0 0
0 1 0 −2b
0 0 1 0
0 0 0 1

 = S−1
12 .

It must be remarked that in practice the distancesb andhmust be carefully selected
and depend on the shape of the workspaces of the three robots as well as on the
overall motion of the three-robot system. Usually, one can find suitable values ofb

andh that depend on the application at hand.

3.2. PLANAR OBJECT MANIPULATION

Here we consider a particular application, where a “plane” (planar object) has to
be transferred from an initial to a final position. The three robots grasp the object
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Figure 2. Two ways of specifying the initial and final positions (Cg: center of gravity).

Figure 3. Coordinate systems attached to the end-effector and grasping point.

at three points A, B and C that define a triangle. Therefore one can either define
the initial and final positions of the vertices of this triangle, or the initial and final
position of the center of gravity of the triangle and the initial and final orientation
of the plane (Figure 2).

The initial and final positions or the path of the object (defined in one of the two
ways shown in Figure 2) are used to determine the path (position and orientation)
that must be followed by the end-effector of each arm. The position and orientation
of an end-effector, with respect to the robot-base reference frame, is described
by an homogeneous transformation (4× 4 matrix) H of the type described by
Equation (1).

The coordinate systems of the end-effectors and the grasping points are assumed
as shown in Figure 3, and therefore:

GA = Hm2, GB = HS12, GC = HS22, (4)

whereGA,GB,GC are the coordinate systems attached to the grasping points A, B
and C of the master, slave-1 and slave-2, respectively, expressed in the correspond-
ing robot reference frame, and:

2 =


−1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 . (5)
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The matrices that define the coordinate systems attached to B and C with respect
to the coordinate system attached to A are:

K∗B =


−1 0 0 −β
0 −1 0 3α
0 0 1 0
0 0 0 1

 , K∗C =


−1 0 0 β

0 −1 0 3α
0 0 1 0
0 0 0 1

 . (6)

4. The Path Planning and Control Algorithm

4.1. ABSOLUTE MOTION EQUATIONS

Our purpose here is to define the motion of the planar object in space. Consider
first the motion of the point A (grasped by the master arm). This motion is defined
by a time-varying homogeneous transformation matrixM(t) which determines the
linear and angular displacements needed for the point A to go from the initial to
the desired final position and orientation. The matrixM(t) is given by

M(t) =


rxrxv(τφ)+ c(τφ) ryrxv(τφ)− rzs(τφ)
rxryv(τφ)+ rzs(τφ) ryryv(τφ)+ c(τφ)
rxrzv(τφ)− rys(τφ) ryrzv(τφ)+ rxs(τφ)

0 0

rzrxv(τφ)+ rys(τφ) τx

rzryv(τφ)− rxs(τφ) τy

rzrzv(τφ)+ c(τφ) τz

0 1

 , (7)

whereτ = t/tf is normalized time (tf is the time in which the motion has to be
completed),s(·) = sin(·), c(·) = cos(·) , v(·) = 1− cos(·), p = [x, y, z]T is the
position displacement vector from the initial to the final position, and the vector
r = [rx, ry, rz]T defines the axis about which the initial coordinate system must
rotate by an angleφ∗ to obtain the final orientation.

Now, if GA(0) is the matrix defining the initial position/orientation of the point
A, then the time-varying position/orientation of A with respect to the w-c system
is given by

GA(t) = GA(0)M(t) (8)

and the final one is given by

GA
f = GA(tf ) = GA(0)M(tf ), (9)

where

x = nT(0)
[
p(tf )− p(0)

]
, y = oT(0)

[
p(tf )− p(0)

]
,

z = aT(0)
[
p(tf )− p(0)

]
, (10a)
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φ∗ = cos−1

[
1

2
(nT(0)n(tf )+ oT(0)o(tf )+ aT(0)a(tf )− 1)

]
, (10b)

r =
 aT(0)o(tf )− oT(0)a(tf )

nT(0)a(tf )− aT(0)n(tf )
oT(0)n(tf )− nT(0)o(tf )

 . (10c)

The motion of the points B and C of the object is defined by

GB(t) = S1G
A(0)M(t)K∗B and GC(t) = S2G

A(0)M(t)K∗C. (11)

The motion of the end-effectors of the three arms grasping the points A, B
and C is defined by the transformationsHm(t), HS1(t) andHS2(t), which can be
determined by equating the right-hand sides of (4) and (8), (11), respectively, and
solving the resulting equations:

Hm(t) = GA(0)M(t)2, HS1(t) = S1G
A(0)M(t)K∗B2,

HS2(t) = S2G
A(0)M(t)K∗C2, (12)

where the relationsS−1
i = Si (i = 1,2) and2−1 = 2 were used.

4.2. INCREMENTAL MOTION EQUATIONS

We now determine the incremental (differential) motion equations of the three-
robot arm system. Let

D = [dx,dy,dz;dφx,dφy,dφz]T
be the differential motion vector, where dx , dy , dz are differential linear displace-
ments and dφx,dφy,dφz are differential angular displacements with respect to the
axesx, y, z, respectively.

Consider the grasping point A. The coordinate system of A at time(t + dt) is
given by

GA(t + dt) = GA(t)+ dGA(t) = GA(t)[I +1], (13a)

whereI is the 4× 4 unit matrix, and

1 =


0 −dφz dφy dx

dφz 0 −dφx dy
−dφy dφx 0 dz

0 0 0 0

 . (13b)

Similarly, the differential transformations for the three arms are defined by

Hk(t + dt) = Hk(t)
[
I +1k

]
, (14a)
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1k =


0 −dφkz dφky dx

dφkz 0 −dφkx dy
−dφky dφkx 0 dz

0 0 0 0

 (14b)

for k = m, S1 andS2, respectively.
From the analysis of Section 4.1, it follows that:

Hm(t) = GA(t)2, S1H
S1(t) = GA(t)K∗B2,

(15)
S2H

S2(t) = GA(t)K∗C2.

Similar equations hold for the time instant(t + dt).
Now using (13a), (13b), (14a), (14b) and (15), and solving for1m, 1S1 and

1S2 we obtain:

1m = [Hm(t)
]−1
GA(t)12,

1S1 = [HS1(t)
]−1
S1G

A(t)1K∗B2,

1S2 = [HS2(t)
]−1
S2G

A(t)1K∗C2,

which by (15) reduce to:

1m = 212, 1S1 = 2K∗B1K∗B2, 1S2 = 2K∗C1K∗C2. (16)

Equation (16) gives the differential displacements of the three robots end-effec-
tors in terms of the differential displacement matrix1 of the point A. Using (13b)
and the definition of2 in (5) we get the following:

Master Arm

dφmx = −dφx, dφmy = dφz, dφmz = dφy,
dxm = −dx, dym = dz, dzm = dy.

Slave-1

dφs1x = dφx, dφs1y = dφz, dφs1z = −dφy,
dxs1 = dx − 3αdφz, dys1 = dz+ βdφy + 3αdφx, dzs1 = −dy + βdφz.

Slave-2

dφs2x = dφx, dφs2y = dφz, dφs2z = −dφy,
dxs2 = dx − 3αdφz, dys2 = dz− βdφy + 3αdφx, dzs2 = −dy − βdφz.

4.3. THE COOPERATIVE PATH PLANNING/CONTROL ALGORITHM

To develop the proposed incremental motion control algorithm (for each robotic
arm) the total linear and angular displacement of the point A (p = [x, y, z]T and
φ∗) given by (10a), (10b) is divided in a large number of small (nearly infinitesimal)
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displacementsδp andδφ. From these displacements and the above relations one
can compute the corresponding displacementsδpm, δφm; δps1, δφs1; δps2, δφs2 of
the three arms.

Let qi (i = 1,2, . . . ,6) be the displacement of each joint, and dqi the corre-
sponding differential displacement. Then we can write:

Hm[dxm,dym,dzm;dφmx ,dφmy ,dφmz ]T
= Jm(q1, . . . , q6)[dqm1 ,dqm2 , . . . ,dqm6 ]T, (17)

whereJm is the Jacobian matrix of the master arm. Similar equations hold also for
the slave arms.

Given the small displacementδxm, . . . , δφmz (determined as discussed previ-
ously) can find the correspondingδqmi (i = 1, . . . ,6), by solving Equation (17),
under the assumption that the robot does not pass very near to or via singular
configurations. On the basis of the above analysis the incremental motion control
algorithm is as follows.

• Step 0(initialization): Determine the initial position (theqi ’s) of each robotic
arm, and the final position/orientation of the master arm. Also specify the
desired timetf for the task completion.
• Step 1: Compute the linear displacement vectorp = [x, y, z]T, the axis of
rotationr = [rx, ry, rz] and the total rotation angleφ∗ from Equations (10a)–
(10c). Determine the number of elementary segments to which the motion
from the initial to the final position/orientation will be splitted, and compute
the corresponding dp and dφ of each one of them.
• Step 2: Setδqi = 0 (i = 1,2, . . . ,6).
• Step 3: At each timet computeδpm, δφm; δps1, δφs1; δps2, δφs2; using (16).
• Step 4: Using theδpj andδφj (j = m, s1, s2), found in step 3, compute the
δq

j

i (j = m, s1, s2; i = 1, . . . ,6) by solving the Jacobian Equation (17).
• Step 5: Update theqji ’s as:qji,new = qjold + δqji and repeat from step 3, until

the final timetf is reached. Here of courseqji,new is used as initial value ofqji
at the next time instantt + δt .

5. Representative Simulation Example

The above scheme has been tested in simulation using different triads of robots
(KUKA, ABB, STÄUBLI). Here we give a representative example where three
Stäubli RX-90L robots were used. RX-90 has a kinematic structure similar to
that of a PUMA 700 robot with 6 rotational degrees of freedom and a spherical
workspace of a radius around 120 cm.

A series of numerical simulations has been performed. The modelled task con-
sists of picking up a horizontal plate and performing a vertical translation of 30 cm



PATH PLANNING AND CONTROL OF A 3-ROBOT SYSTEM 111

Figure 4. Graphical animation of the simulated 3-robot coordination task. A sequence of
configurations: initial (t = 0), intermediate (t = 0.25−2.75 sec) and final configuration
(t = 3 sec).

as well as a rotation of 40 degrees about an axis parallel to thex-axis of the master-
robot coordinate frame. The dimensions of the plate are taken to be (180× 80
×4) cm.

Initial and final configurations (as well as eleven intermediate ones) are shown
in Figure 4. The motion of each robot is planned by making small incremental,
linear and angular displacements, as discussed in Section 4. In order to test the
efficiency of the method, we varied the numberN of increments. To evaluate quan-
titavely the performance of the algorithm we used a “relative-positioning error”
measureεp, defined as?

εp =
√
e2
ps1,m
+ e2

ps2,m
+ e2

ps2,s1
,

? A similar expression was computed and used for the “relative-orientation error”. The results are
analogous to those obtained for the “relative-positioning error”.

JIN1432S.tex; 21/04/1998; 8:56; p.13
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Figure 5. Relative-positioning error for the robots’ end-effectors.

where

e2
pj,i
= ∣∣p(i)j,i − d(i)j,i

∣∣2 (i = m, s1, j = s1, s2 with i 6= j),

p(i)j,i : the relative position of thej -robot end-effector, with respect to thei-robot
endpoint, expressed in theith robot local tool frame.

d(i)j,i : the desired (reference), relative-position vectors from thei- to the j -robot
end-effector, expressed in the localith tool frame. These reference position
vectors are imposed by the geometry of the manipulated object and the choice
of the grasping points. In our case:

d(m)s1,m
= [β,0,3α]T, d(m)s2,m

= [−β,0,3α]T, d(s1)s2,s1
= [2β,0,0]T.

This error gives a measure of the magnitude of the “internal forces” that may
appear during execution of the task. Figure 5 shows the results obtained for three
different numbersN of differential increments (N = 40,400,1000) andtf =
3 sec. The presence of cumulative errors is practically eliminated (inferior to 1 mm)
if sufficient number of steps (N = 400,1000) is used, which corresponds to a
differential linear displacement of less than 1 mm and a differential angular dis-
placement of 0.1 degrees or less. Satisfying these conditions, the obtained results
show that the proposed method can be easily implemented and efficient for the case
of three-robots coordinated task.
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6. Conclusions

A path planning method for the trajectory control of three cooperating robots is
presented in this paper. The proposed algorithm consists of performing incremen-
tal, linear and angular displacements which are computed, using homogeneous
transformations, from the desired motion of the manipulated object.

Numerical simulations show the applicability and the effectiveness of the pro-
posed method, under certain conditions regarding the magnitude of the differential
displacements, which is related to the number of increments used. Nevertheless,
complete elimination of cumulative errors may require the use of the inverse geo-
metric model of the robots in a periodic way, in order to reinitialize the undesirable
resulting relative positionning errors. This is under current implementation.

Further work is in progress by the present authors in the area of 3-robot sys-
tems. This includes the problems of decoupling/decomposition [55–57], hybrid
position/force control [58] and robust trajectory control using the sliding mode
approach [59–61]. Another problem which will be considered is the manipulation
of large objects with three cooperating robots equipped with open-palm end effec-
tors. This will be usefull for the cases where two robots are not sufficient to do the
job (e.g., when long cylindrical, or large spherical objects without handles have to
be transported).
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